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General instructions

Working time — 1 hour.
(plus 5 minutes reading time)

Write using blue or black pen. Where
diagrams are to be sketched, these may be
done in pencil.

Board approved calculators may be used.
Attempt all questions.

At the conclusion of the examination, bundle
the booklets + answer sheet used in the
correct order within this paper and hand to
examination supervisors.

SECTION I

e Mark your answers on the answer sheet

provided (numbered as page 5)

SECTION II

e Commence each new question on a new page.

Write on both sides of the paper.

e All necessary working should be shown in

every question. Marks may be deducted for
illegible or incomplete working.

STUDENT NUMBER:

Class (please )

O 12M4A — Mr Fletcher

O 12M4B — Mr Lam

O 12M4C — Ms Ziaziaris

Marker’s use only.
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2 2013 MATHEMATICS (EXTENSION 2) HSC COURSE ASSESSMENT TASK 2

Section I: Objective response

Mark your answers on the multiple choice sheet provided. Marks

1. P(z) is a polynomial in z of degree 4 with real coefficients. Which one of the 1
following statements must be false?

(A) P(z) has four real roots.
(B) P(z) has two real roots and two non-real roots.
(C) P(z) has one real root and three non-real roots.
(D) P(z) has no real roots.
2. Which of the following is the graph of 16y? — 922 = 1447 1
Y Y
\\\\ // ) \ 3 e B
(A) \; : " (C) \: : r
2// & P e — \\\ )
) Y
x

3. The equation x> 4+ 2z + 1 = 0 has roots o, 8 and . Which of the following 1
equations has roots 2a, 23 and 27?7

(A) 23 +82x+8=0 (C) 223 +4x+2=0
(B) 23 + 162 +8 =0 (D) 823 +4x+1=0
22 2
4. The points P(acos@,bsinf) and Q(acos ¢, bsin ¢) lie on the ellipse po) + 2= 1. 1
The chord PQ subtends a right angle at (0,0). Which of the following is the correct
expression?
b2 b2
(A) tan@tangb:—? (C) tan@tan¢:$
a? o2
(B) tan@tangb:—ﬁ (D) tan@tan¢: ﬁ

End of Section I
Examination continues overleaf. ..
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2013 MATHEMATICS (EXTENSION 2) HSC COURSE ASSESSMENT TASK 2 3

Section II: Short answer

Question 5 (18 Marks) Commence a NEW page. Marks

(a) The equation of a hyperbola is given by 422 — 9y? = 36.

i. Find the coordinates of S and S’, the foci of the hyperbola. 2
ii. Find the equations of the directrices M and M’. 1
iii. Find the equations of the asymptotes. 1
iv. Let P be any point on the hyperbola. Show that |[PS — PS’| = 6. 2

(b)  The line x = 8 is the directrix, and (2, 0) is the corresponding focus of the ellipse 2
with equation
2 2
Z Y
2 + i 1 a>b>0
Find the value of a and b.
22 P
(c) The point P(acos®,bsinf) lies on the ellipse — + 2= 1 and the ellipse meets
a
the x axis at the points A and A’.
i. Prove that the tangent at P has the equation 2
xcosf ysinf
a b
ii. The tangent at P meets the tangents from A and A’ at points Q and @Q’ 2
respectively. Find the coordinates of () and @’.
iii. The points A, A, Q' and @ form a trapezium. Prove that the product of 2
lengths of the parallel lines is independent of the position of P.
(d) The diagram shows the hyperbola zy = 4.
Yy
N
S
2
P (2t,%)
(0]
x
S/
$
v
N
i.  What are the coordinates of the foci S and S’? 1

Question 5 continues overleatf. ..
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4 2013 MATHEMATICS (EXTENSION 2) HSC COURSE ASSESSMENT TASK 2

Question 5 continued from previous page. . .

The point P (2t, %) lies on the curve, where t # 0. The normal at P intersects
the straight line y = x at N. O is the origin.

Given the equation of the normal at P is

eyl
y—tx—l—t 8

ii. Find the coordinates of V. 1
iii. Show that AOPN is isosceles. 2
Question 6 (18 Marks) Commence a NEW page. Marks
(a) The polynomial equation 3 — 622 4+ 3z — 2 = 0 has roots «, 3 and 7. 2

Evaluate o + 32 + 43.
(b) 22 + px? + qx + r = 0 has roots o, 3 and 7, where o = 3 + 7. 3
Show that p® — 4pg + 8r = 0.
(c) Given —2 —i is a zero of P(x) = x* 4 623 + 1422 + 142 + 5, find all zeros of P(z). 3
(d) i. The polynomial equation P(z) = 0 has a double root at x = . 2

Show that 2 = « is also a root of the equation P’'(z) = 0.

1
ii. y = mz is a tangent to the curve y = 3 — —. Show that the equation 1
x
ma3 — 322 + 1 = 0 has a double root.

iii. Hence find the equation of any such tangents. 3

(e) Given that cos 50 = 16 cos® @ — 20 cos® § + 5 cos 0,
i. Find the roots of 16z° — 20z* 4 5z = 0. 2

ii. Hence show that 2
0052 T + 0052 3_7r = §
10 10 4

End of paper.
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2013 MATHEMATICS (EXTENSION 2) HSC COURSE ASSESSMENT TASK 2 5

Answer sheet for Section 1

[

Mark answers to Section I by fully blackening the correct circle, e.g “q

STUDENT NUMBER: ... ... e

Class (please )

O 12M4A — Mr Fletcher O 12M4B - Mr Lam O 12M4C — Ms Ziaziaris
1- ® © ©
2- ™ © ©
3- ™ © ©
4- ® © ©

NORTH SYDNEY BOYS’ HIGH SCHOOL MARCH 18, 2013



6 2013 MATHEMATICS (EXTENSION 2) HSC COURSE ASSESSMENT Task 2 SOLUTIONS

Suggested Solutions

Section 1

1. (C) 2. (C) 3. (A) 4. (B)

Section I1

Question 5  (Fletcher)

(a) i. (2 marks)
v' [1] for correct eccentricity.
v [

1] for correct foci.

42% — 9y? = 36
562 y2

9 4
a=3 b=2

b2 a2(e2—1)
4=9(e*—1)
2_q,,.4_1
e—1+9—9
_ V13
=73

Coordinates of foci: S(+ae,0)

s(vi30) s (-Vis0)
ii. (1 mark)
a 3 9
e TR .
iii. (1 mark)
b 2

Y a’ 3"

iv. (2 marks)
v’ [1] for using PS = ePM and
PS' =ePM'.

v’ [1] for final answer.

[PS=ePM (1)
| PSS =ePM (2)

Equation (1) subtract equation (2):

|PS — PS'| =e¢|PM — PM'|
=e|MM|
=" X2X i
3 gV e}

=6

(2 marks)
v' [1] for finding a and e.
v [

1] for final answer.

LAST UPDATED MARCH 26, 2013
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2013 MATHEMATICS (EXTENSION 2) HSC COURSE ASSESSMENT Task 2 SOLUTIONS 7

(c) i. (2 marks)

x = acosf
{y = bsinf
dx
do
dy

0 =bcosb

d
Ay _ @

. . — dz
dx %

= —asind

_bcos&

asinf

Equation of the
P (acos®,bsin@) is

tangent at

bcosf
asin 6
aysin @ — absin® 0 = —bax cos 0 + abcos® 0

y—bsinf = — (x —acos@)

ba cos 0 + aysin @ = abcos® 0 + absin® 0

ab +ab

xcosf ysinf
a b

ii. (2 marks) (d)
v" [1] for coordinates of @
v' [1] for coordinates of @’

Yy

Q' |

‘ |

| |

| |

\ b \

| P

\ 1 Q
A/} \A
—a\ Ja

As the equation of the tangent is

xcost ysinfh

1
a b

The coordinates of (): when z = a,

dcos@ ~ysinf
AT
sin ¢
b
~ b(1 —cos0)

=1—cos®

Y

sin 6

iii.

ii.

iii.

Similarly, the coordinates of @Q’:
when x = —a

b(1 + cosb)
Y= ——7—
sin 6
0 <a, b(1 — cos 9))
sin ¢
o (—a, b(1 —l— cos 9))
sin ¢
(2 marks)

v [1] for identifying parallel lines
in trapezium and multiplying their
lengths.

v' [1] for final answer.

Parallel lines are AQ and AQ'.

Hence

AQXAQ,:b(l—'COSH) b(l—i.—cosﬁ)
sin 6 sin 6
(1 —eoT)
sl
= b2
(1 mark)
zy=4=¢c
e=2

Ase =2, and S (£ev2, £cv2),
-8 (2\/5, 2\/§> s/ (—2[,—2\@)
(1 mark)

y =tz + % -8

Coordinates of N occur when y = x,
i.e.

_2 2
x—tx+t 8

2
8t—2
Tr = = —Y
YTre o
8t —2 8t —2
- N ’
t(t2—-1)"t(t?—1)
(2 marks)
v' [1] for substantial progress towards
proof.

v' [1] for correct conclusion.

NORTH SYDNEY BOYS’ HIGH SCHOOL
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[N

mor =5 =
Gradient of normal:

mpy = 12

Angle between ON and OP («):

mgo — My
tana =

1+ mimse
L
1+1(ti2)‘
t2—1

2 4+1

Angle between ON and PN (5):

1—¢2

2

+2

—$2

tanﬁ:'

1+ 1(2)

As tana = tan 8 and «, 8 < 90°,

sa=pf
and AOPN is isosceles.

Question 6  (Fletcher)
(a) (2 marks)

v [1] for a® + B3+ 43 in terms of a, B and

.
v’ [1] for final answer.

If «, B and ~ are the roots,
o -6 +30—-2=0
B —66>+38-2=0
P67y +3y-2=0

:'1

1+t

Adding and moving terms to other side,
o + 83+ 3
=6(a®+8°+7%) —3(a+B+7)+6
Now to find o + 5% 4+ +2:

(a+B+7)"=(a+B8)>+2a+ B+
= a® +2a8 + B2 + 2ay + 2By +
Ll B4y = (a+B+7) —2(aB+ oy + B9)
nad+ B =6 [(a+ B+9)7 - 2(aB +ay + )]
-3(a+p+7v)+6
—6 [(—6)2—2(3) —3(—6) + 6
— 168

(b) (3 marks)
v [2] (max) for significant progress towards
final answer.

v’ [1] for final answer.

x3+px2+qx+r:0
with roots «, 8, v and a = 8 + 7.
e Using the sum of roots,

a+5+’y:2a:_Tp

. . _ b
SLo=—¢

2
e Using the pairs of roots,

af+oy+py=a(f+7)+ by

= o’ + By
2
_r _4
=T =g
2
P
..4+B’y q

e Using the product of roots,

X8
,',p3—4pq+8r:0

LAST UPDATED MARCH 26, 2013
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2013 MATHEMATICS (EXTENSION 2) HSC COURSE ASSESSMENT Task 2 SOLUTIONS 9

(3 marks) iii.
v' [1] for identifying conjugate root.

()

v' [1] for other significant progress towards
answer.

v’ [1] for final answer.
If —2 —iis a zero to P(x) = z* + 62 +
1422 + 14z + 5, then —2 + i is also a zero.

e Sum of roots:
(—2—i)+(—2+i)+a+ﬁ=—§ =—6
a+pf=-2
e Product of roots:

(—2—i)(—2+i)xaﬁ:2:5

5a8 =5
af =1
a+p=-2
af =1
Sa=-—1 B=-1 (e) i

Roots are —1, —1, =2 — 4, —2 4 3.

(2 marks)
V' [1] correctly differentiating.

v [1] for final proof.

Let P(z) = (z — a)?Q(x)
uw=(z—a)? v=Q()
v =2x—-a) vV=0Q ()

P'(z) = w' + v’

@ i

= (z - )’Q'(z) +2(z — )Q(x)

= (z—0a) ((z - a)Q'(x) + Q(x))

= (z = 2)Qs(2)
Hence z = « is also a root of P'(z) = ii.
0.

ii. (1 mark)
If y = mx is a tangent to y = 3—1%,
then
mr =3 — %

has a double root.
ma® =327 — 1
3 2 _
mx® —3z°+1=0

Hence mz3—322+1 = 0 has a double
root.

(3 marks)

If P(z) has a double root at x = «a,

then x = « is also a root to P'(x):
P'(z) = 3ma® — 6z

P'(a) = 3ma® — 6a = 03a (ma — 2)

2
Soa=0,—
m
As P'(0) # 0, z = 2 is the double

TOoOt.

12
nfz‘m 1=0
I

m2
Somo==x2
Sy =12z

(2 marks)

Given cos 50 = 16 cos® § — 20 cos> 0 +
5cosf, then letting x = cosf will
result in the polynomial

162° — 202° + 52 = 0

Hence to solve the polynomial, solve
cos b = 0:

cosbhld =0
s T 31 5n Tn o
2272272

T 10710727107 10
us 3T
L =0,% +cos —
o =0, cos10 cos 10
(2 marks) Using pairs of roots (the
only terms remaining are the ones

which do not involve the zero)

162° — 202° + 52 = 0

(con ) (- 35)
cos — | [ —cos —
10 10

——cos2——cos23—7r € @
N 10 10 a 16
9 T 93m D
.COS" — 4 cos” — = —
10 10 4
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